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A New Four-Port Automatic Network
Analyzer: Part II—Theory

K.JELL BRANTERVIK

Abstract —This paper presents a eomprehensive theory of the new

four-port network anafyzer using onfy one power deteetor and one eleetron-

icafly adjustable reference load, (e.g., en adjustable short circuit or a

varaetor dkMe) deseribed in a companion paper. A method based on

annihilation operators for describing en n-port is introduced. This method

is found convenient for analyzing different measurement situations, Hence,

schemes for reflection measurements and transmission measurements are

analyzed in detail.

For evefuation of the reflection (or transmission) coefficient, it is shown

that seven (or five) parameters defining the system have to be determined.

Calibration schemes for preeision reffeetion and transmission measure-

ments are described.

I. INTRODUCTION

I N A COMPANION paper [1], a new type of four-port

network analyzer is described. The key components of

the analyzer are, besides the four-port (e.g., a magic T), a

variable reference load and only one power detector. The

simple design and the moderate demands on component

quality means that it should be ideal for millimeter-wave
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Fig. 1. Complex amplitudes of waves in an n-port.

Let eg represent the incoming wave amplitude from the

generator fed to port q. We then have

aq = eq + 17q.bq (2a)

a~ = r~”bk, for k #q. (2b)

Substituting (2,a) and (2b) into (1) gives
frequencies (compare [2]).

In this paper, schemes are described that can perform

measurements of reflection or transmission coefficients. where

A necessary condition for achieving accurate measure-

1

(s,,rl -1)
ments with the new analyzer is knowledge of the so-called

szlrl
gystem parameters with a high degree of accuracy. By using G = .

a detector system with a large dynamic range, calibration

procedures can be advised, which practically eliminate S.1 r!

well as errors depending on the detector noise. The calibra-

tion is performed once and leads to measurement accu-

racies discussed in a companion paper [1]. x=

Below, we will first derive relevant properties for an

n-port system, and then focus on the particular systems to

G.X=H (3a)

errors depending on irregularities in the reference load, as
\ r.. .

bl

.1

– Slq

bz – s2q
H= .

in“1 – Snq

. . . Sin.rn

. . . s2n. rn

(Snnin -1)

‘eq. (3b)

be used for reflection and transmission measurements,
Equation (3a) has the solution

respectively. For these system descriptions, so-called gener-

alized scattering parameters are used. A convenient way to X= G-l. H. (4)

obtain these parameters is suggested.

II. WAVE AMPLXTUDE THEORY FOR AN N-PORT

Referring to Fig, 1, we have for a general n-port
...

bk = ~ Sk,. al, k=l,. ””, n (1]
1=1

where S~l represents the internal scattering coefficients.
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From (4), the outgoing wave amplitude b, in an arbitrary

port number r can be obtained by applying Cramer’s rule

(5)

The elements c~f the determinant [G] in (5) is the same as

the elements of the matrix in (3b), which means

Gk, = ski” rl, forl+k

G~I = sk~” rk – 1, for 1= k.

The elements of the determinant [F] in (5) are obtained by

replacing the r th column in [G] with the elements of the
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vector H in (3b), which means

F~[ = S~l~,, forl+randl+k

Fk[ = SkkTk -1, forl#randl=k (6)

F~, = – S~~, for 1= r.

A convenient method to expand (5) is suggested below.

Thus, a so-called generalized scattering parameter ( “~~)

involving new entities ‘P,~ and Qn defined below is intro-

duced (n= number of ports of the system), viz.,

where

(7a)

“Prq=(–l)r+q+l.

[ 1S:.r:.r:.H(1+~.fy:kr:).~n,
k=l

k#q, r

for r # q (l’b)

{

ifk<randk>qor
t=+l

ifk<qandk>r

{

ifk-=randk<qor
t=–1

ifk>randk>q
(’7C)

[ 1“Pqq = – r~” H (I– s:kr:) “zn (7)
k=l
k+q

[ 1Q.=k~l(1-‘~krk?) “%
for all r, q combinations

(Yd)

s 11 ““” s

;n . kfilrk. (’7e)

S;l “ “ “ Snn

d 17~ are operators with annihilating functions.

These are defined according to

r:. (rl. . . rk_lorkork+l o”. r.)

s;.

s 11

s~l ‘ “

s 11

. . .

. .
. . .

S;l

= (r,... rk_,.rk+l . . . rn) (fla)

. . . s~, ““” s in

Sk_l,_l Sk_ll S&~,~~

‘kl- 1 ‘kl ‘kl+l ““ “ ‘k.
sk+ll–1 s Sk+,,+,kill

snl
S;n

. . . . . .
“n 1

s nn

which means that the complexity of (7e) is reduced when

the operators Sfi and r~ are applied. The parameter “T,~

is a compact exact expression for the internal multiple

Variable
known

reference

Diode detector

.%

. .4

rz

(

2
b4 k

,

r

<
1 )

a -e +r .bllllTesc

Source
object

r3

Fig. 2. Measurement setup for reflection measurements.

scattering in an arbitrary n-port for a wave fed to port q,

arriving into port r. Fig. 4 gives a graphic illustration of

‘Trq for the case n =4, q =1,3. The parameters ‘~~ de-

fined by (7a–e) are very useful in the analysis of various

systems with variable internal scattering coefficients.

III. REFLECTION MEASUREMENTS USING A

FOUR-PORT

In a reflectometer measurement setup, a four-port should

be used as indicated in Fig. 2. Using (7) with n =4, we get

where 24 is defined according to (7e).

Using the properties of the annihilation operators, we

may write 4T,q in the form

4

(lOa)

p=l

where lDP and Dp are determinants containing elements Sk,

of order 1 to 3 and 1 to 4, respectively, multiplied by

external reflection coefficients rk.

From (9), the four terms of the numerator can be derived

as

s S33
‘Dj = S31 s . r~ 1D4= S41.

41 43

(lOb)

When the total expression in (10) is expanded, all terms

representing unphysical scattering (for example, S41”S22”r2

in 1J?)2) are cancelled. The expanded expression of (10)

represents the infinite series of multiple scattering ob-

tained by following the scattering arrows in Fig. 4 if e3 is

put equal to zero.

For a fixed frequency, the only nonconstant parameters

of Fig. 2 are rz and r3, representing the reflection coeffi-

cients of the adjustable reference object and of the test

object, respectively. We obtain an expression for the wave
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amplitude towards the detector accordingly

~1r2r3 + ~2r2 + ~3r3 + K4
b4 =

~5r2r3 + ~6r2 + ~7r3 + I -
(ha)

K~ in (11) consequently are frequency-dependent parame-

ters defining all properties of the measurement setup, and

can be expressed in terms if el, S~,, 1’1, and I’a.

Equation (10) written in the form of (ha) leads to

K1r2r3 = ~ .lD1

K2r2 = :. lDZ

K31’3=~.1D3 K4=~.lD 4 (llb)

where

In a fairly symmetric T, Sdl = O, Sd2 = – Sd3, S12 = S13,

(Sij = ~i) yield. From (llb), we thus conclude that, in such

a magic T, K1 and K4 must be small compared with Kz
and K3 .

For more details (see [3]), (11) is basic for the reflection

measurement method described in the companion paper

[1]. Knowledge about the approximate size of the parame-

ters K~ makes it easier to select convenient calibration

procedures for determining the final values of the complex

parameters K~.

IV. TRANSMISSION MEASUREMENTS

A system for transmission measurements is shown ‘m

Fig. 3. The wave amplitude b4 in the detector arm can be

expressed as a function of two incoming wave amplitudes

el = al – blI’l and es = ay – b31’3 in arms 1 and 3, respec-

tively.

In the arrangement of Fig. 3, the wave amplitude b4 can
be written

b4=4 T41.el +4 T43.e~. (12)

A graphic picture of (12) is shown in Fig. 4.
The factor 4T41can be obtained from (9). However, in

the setup of Fig. 3, 11~is a small and (for a fixed frequency)

constant parameter contrary to the situation in Fig. 2. For

a fixed frequency, the term 4T41 thus contains only one

vqiable, the reflection coefficient of the reference term 17z.

From (7), one concludes that 4TQI and 4T43 have the

same denominator, while the four terms of the numerator
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of 4T43 are different from those of 4T41, viz.,

4P43
4T43 = —

Q4

[sfir:.r~.(1- s;r:).(1- sgry)] .Z4
.

Q4

~ 3DP
_ #=1
— (13)

: D,
~=1

where 24 is defined according to (7e). From (7) and (8),

the four 3DP terms can easily be derived.

The wave amplitudes el and es are related to each and

other as

el=q. T.e3 (14)

where T is the unknown transmission coefficient of the test

object. The factor q describes the phase and amplitude

difference between the input signals el and es caused by

differences in the scattering properties of the two direc-

tional couplers. To minimize the multiple scattering in the

directional coupler, which links the test object and the

four-port, the coupling factor should be – 20 dB or less.

Equation (14) inserted in (12) leads to

L1. T.r2+L2. T+ L3. r2+L4
b4 =

L5. r2+l
(15)

where Ll,. “ ., L5 are constant (frequency-dependent) sys-

tem parameters, which can be expressed in terms of S~l,

rl, rq, 174,and es. For more details, see [3]. Equation (15)

is basic for the transmission measurements described in the

companion paper [1].

V. CALIBRATION OF THE SYSTEMFOR INFLECTION

COEFFICIENT MEASUREMENTS

For calibrating the reflection coefficient measurement

setup, the following four reference terminations are used in

seven different ways (see Fig. 2 and Table I):

A

B

c

D

adjustable short, r~ = re’a (I– Irl <1)

moveable short similar to A, r~ = 17‘e~~ (1 — 1r’1 <s 1)

matched load, rc=E (l&I <l)

polished metal plate, r~ = eJ~

It is necessary to know the exact reflection coefficient for

only one of the reference objects. In the calibration proce-

dure just presented, r~ (polished metal plate) is assumed

to be the known coefficient.

Several ways of calibrating the system can be devised.

The procedure described in this paragraph is believed to

yield most accurate results. It involves moving the short-

circuit plane of reference A over one wavelength. The

detected signal or its inverse then varies according to

certain trigonometric expressions F(a) in each of the pro-

cedures 1–111 (Table I) and IV–VI (Table IV below). The

TABLE I

1a. A attached to port 2, C attached to port 3.

Ib. A attached to port 3, C attached to port 2.

IIab. A attached to port 2, B attached to po”rt 3.

IIIa. A attached to port 2, D attached to port 3.

lI1b. A attached to port 3, D attached to port 2.

IIIC. B attached to port 2, D attached to port 3.

IIId . B attached to port 3, D attached to port 2,

variable phase a in these expressions describes the short-

circuit plane location in radians. The expressions F(a) are

of three types:

Procedures II, IIIa-d, V and VI: )

lqa) = 1~ .
ll+la.e’a12

ll+1be~a12(=1b412) 1

Procedures Ia and Ib: \

z~(a) = 2K . ‘1+2a”e’a’2(=&)p+2b. e-Ja12
\

Procedure IV: )

3F(a) = 3K.

/

[l+3a. e-’a12( = ,b412) A

ll+3b. eja12 “

(16a)

(16b)

(16c)

K is a real parameter while a and b are complex parame-

ters. (Procedures IV–VI noted in (16a) and (16c) are re-

lated to transmission measurements described below.)

In each of the calibration procedures I–VI, five quanti-

ties EO, O“ “, E4 are measured. We will show that between

these quantities and the parameters ‘K, ‘a, and ‘b in (16)
certain simple relations exist. The quantities EO,”” -, E4 are

obtained by integrating the function F(a) over one wave-

length, viz.,

Co= E.= & ~27F(a) da (17a)

1 /2mF(a).e-@da (17b)Cl= E2–j. El=fi ~

‘J2”~(~)e-2’ad~-(17C)
C2=E4– J” E3=2T (J

The computer evaluates these integrals by a summation of

the detected power values for a number of short-circuit

plane positions, distributed over one wavelength. The num-

ber of steps N and the steplength A! are chosen with

respect to the desired measurement acct.iracy.

Inserting

F((. Y)=K. ‘l+a”e’a’2
ll+b. eJa12
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into (17) leads, for procedures I–VI, to

(18a)co===
1– ~b~2

.(l+la12-ab y-iib)

,(a-(l+ la12)”b+tib2)cl=~
1– Ibl

c2=~”
1– ~b~2

(-ab+(l+ la/2) .b2-i7.b3) (18c)

(18b)

From the relations in (18), K (real) and a and b (complex)

can be determined analytically as follows:

K=
2.pl+cobl

- mm)

(19)

IQIo (1 ~+)

where

Q=
CO(l+ lb12)+2. Re(C1. ~)

C1+CO. b “

Notice that two solutions exist for a and K above. Those

for Ial >1 are indicated with a “+” sign in front of the

square root. The parameters ‘K, ‘a, and ‘b of the ‘F(a)

functions in (16) are related to K, a, and b in (19) as

follows:

lK=K la-a lb=b

2K=K Za=a )2b=~ . (20)

3K=K 3a=~ 3b=b

The parameter indexes above are used in Tables II, III, and

V. If dissipation is nonnegligable, a recursive calculation

procedure can be used for more accurate values of

EO,. . . , E4 [4]. The calculation of Ial using (19) leads to

results which are sensitive for measurement errors if la I =1.

For this case, a separate measurement of Ia I can be recom-

mended [4].

In order to evaluate the seven system parameters

Kl,. ... K, from ak, bk, and Kk, as obtained from (19)

and (20), we have to identify the expressions (16a–c) with

the actual equations. The latter are obtained by recognizing

that lb412 can be obtained from (11) using the proper

calibration terminations for 1’2 and r3 according to Table

I. The result is shown in Table II.

In each of these expressions, a dominating term can be

found. In an idealized system (involving an ideal magic T),

all system parameters except K2 and K3 are equal to zero.

However, for the system in use, it is quite sufficient if the
following conditions are fulfilled:

Most magic T’s can easily satisfy the requirements (typi-

573

TABLE II

2%=

2
aIa -

2
%b -

11+ K7.C12

lK212.1r12.11 +~-,12

K2

K2

IX, + I’K5..
K4 ‘2

2 T+~”e
1 + K6*c bIb = .K1

l+r.e

3,

33 l-(&)2
@.(r#. +

axla “ %b = -

1 - (L)2

‘2
1+ 1 2 1+ 2

aII1a” %IIb - r “F aIIIc”laIIId - “ “F

where

(l-(;+>)+&)
37- .#

(1-(:+>)++
23 ‘2 “ K3

(l. &
1+

- (~.r. —
K6r - K5r

alI1a = lbllla -

(1-+ ‘-5

*) I a+ indicates solutions of (19)-(20) for wfich Ial >1.

tally 0.01< q < 0.1). If (21) is satisfied, fast convergence in

the calculation procedures (Table III) are obtained. The

exact upper limit of q in (21) for obtaining convergence

has not yet been investigated.

By using the iterative calculation procedures suggested

below, results are obtained with an accuracy primarily

limited only by the linearity of the detector. In Table 111,

the iterative ;procedure is described. Only a few iteraticms

are necessary for a high degree of accuracy, and microwave

components with moderate quality specifications can be

used with maintained accuracy of reflection measurements.

Only the magnitude of IK21 is influenced by the input

power level dh.uing the calibration procedure Ia. All other

expressions are independent of the power level used.

VI. CALIBRATION OF nE SYSTEM FOR

TRANSMISSION MEASUREMENTS

In order to determine the five system parameters

Ll,. ... L5 of (15), the calibration procedures in Table IV

(see also Fig. 5) have to be performed. A similar procedure

as described above leads to the relations shown in Table V

(for more details, see [4]).

From the equations shown in Table V, one observes that

exact values of all L~ parameters needed are obtained

without any iterative calculation procedure.
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TABLE III

F
n

%Ia-(~):”2b1b~
‘%)0 - %

“(n.

1- ‘z)o

*bza - (~);2bIb

(c). - —“ (r).

(:).- 1

(>) - 1+~” [(~)o- (~)ol”la+ IIIa
20

(K5)0 * [2~1a- bllla .(1 - (K7)o)]”(r)~1

IK210 - lrl~l” —
~

%2
, (r)n+l

I-(q)” ”(r’):

(:) - ‘ ~-l”,Ia”l%Ib “ —
●*)

K62K32
2 n+l (r”)n+l l-(%) n”(#n”(r’);2

(K6)n+V “

2
(K, )fil - alb-(l+(K6)n”~”) ’(r)~jl-(K5)n”’n

2@+(K7)m”~”)”(r);:1-(K5)m”efi

*) That siW is selected which gives an argument for (r) most like the argument of laIIIa and an argument of (IV) most like the

argument of laI1lc.
**) That Signis selected which gives the argument for ( K3 /K2 ) mostlikeT.

TABLE IV

Iv. A attached to port 2, matched load attached to ports 5, 6 and 8,

source fed to port 7

TABLE V

v. A attached to port 2, .nAtched loads attached to port 6, 7 and S,

source fed to port 5

VI. A attached to port 2, waveguide attached to ports 6 and 7,

source fed co port 5.

-&

q!j!?7-
8 7 6 5

Fig. 5. Basic arrangement for transmission parameter measurements.

L1 (l~vl -l~v)’r

q= 13
1 - %1” ‘IV

L2 3 L1
q“ ‘IV” ~ “ r

f’3 1

q=
avlr

L5
- 3b#

IL41 - Q
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